We construct refined tropical enumerative genus zero invariants of toric surfaces that specialize to the tropical descendant genus zero invariants introduced by Markwig and Rau when the quantum parameter tends to 1. In the case of trivalent tropical curves our invariants turn to be the Göttsche-Schroeter refined broccoli invariants. We show that this is the only possible refinement of the Markwig-Rau descendant invariants that generalizes the Göttsche-Schroeter refined broccoli invariants. We discuss also the computational aspect (a lattice path algorithm) and exhibit some examples.
Introduction
Starting from Mikhalkin's foundational work [12] tropical geometry has served as an ultimate tool to solve important enumerative problems. Later it has become clear that the tropical geometry provides new insights to various problems of "classical" geometry. The present work has been inspired by two such phenomena. One is that the genus zero descendant invariants of the plane and other toric surfaces, defined as integrals over the moduli spaces of stable maps of rational curves, can be computed via enumeration of certain plane tropical curves [11] . Another exciting phenomenon is the existence of refined tropical enumerative invariants, i.e., tropical enumerative invariants depending on a parameter [2, 6, 8] . We will comment on this in more detail.
F. Block and L. Göttsche [2] defined a refined weight of a plane trivalent tropical curve being a symmetric Laurent polynomial in one variable y 1/2 . They showed that, for y = 1, its value is the Mikhalkin weight as introduced in [12, Definition 4.15] ) and, for y = −1, its value is the Welschinger weight as introduced in [12, Definition 7.19] . Notice that, under appropriate conditions, enumeration of plane trivalent tropical curves with Mikhalkin and Welschinger weights gives GromovWitten and Welschinger invariants of toric del Pezzo surfaces, respectively (see [12, Theorems 1 and 6] ). In general, the enumerative meaning of the refined count remains in question, though in certain cases it is related to the quantization of real plane curves in the sense of [13] .
I. Itenberg and G. Mikhalkin [8] showed that the total refined weight of the plane tropical curves having given degree and genus and passing through an appropriate number of generic points in the plane does not depend on the choice of the point constraints. This is a generalization of the invariance of the count of tropical curves of given degree and genus with Mikhalkin and Welschinger weights established earlier in [4, Theorem 4.8] and [7, Theorem 1] .
L. Göttsche and F. Schroeter [6] advanced further and introduced another refined tropical invariant of genus zero, which, for y = −1 specializes to the socalled broccoli invariant (see [5] ) and, for y = 1 specializes to the genus zero tropical descendant invariant τ 0 (2) n 0 τ 1 (2) n 1 ∆ of a toric surface associated to a convex lattice polygon ∆ as introduced in [11] .
The main result of this paper is a construction of a refinement of an arbitrary genus zero tropical descendant invariant k≥0 τ k (2) n k ∆
, and we present such a refined invariant in Theorem 2.1, Section 2.2. The construction is inductive with the Göttsche-Schroeter invariants as the base, while in the induction step, we replace the vertices of valency > 3 with trees having vertices of smaller valency. In Section 2.5, we show that the combinatorial type of trees used in the induction step does not matter, and one always obtains the same refined invariant, which generalizes the Block-Göttsche and Göttsche-Schroeter invariants.
Similarly to the Block-Göttsche and Göttsche-Schroeter invariants our invariant counts certain rational plane tropical curves through a generic configuration of points, and each curve is counted with a refined weight which is a product of weights of vertices (normalized by the automorphisms). This property immediately yields that the combinatorial computational tools like "lattice path algorithm" [11] work well with the refined weights and provide a way to effectively compute our refined invariant (see Section 4).
Another refined tropical count related to descendant Gromov-Witten invariants has been suggested in [10] . The tropical objects counted there are plane tropical disks (i.e., halves of tropical curves) which have only trivalent vertices equipped with the refined Block-Göttsche weights. In turn, we consider the entire tropical curves admitting multi-valent marked vertices, and the main novelty of our work is the definition of refined weights of marked vertices of any valency.
We remark that our invariant is not in general a Laurent polynomial in y (or even in y 1/2 ) if we allow marked vertices of valency > 3, but it may have poles at y = 0 and y = −1. We estimate the order of the pole at y = −1 in Proposition 2.4 (Section 2.2) and show that our upper bound is sharp (Section 3).
An interesting question is how to extend the definition of tropical descendant invariants and their refinements to curves of positive genus. The particular case of genus one and n = (n 0 , n 1 , 0, 0, ...) has been resolved in [15] . Another perspective question is whether the refined tropical descendant invariant can be interpreted via Mikhalkin's quantization of algebraic curves [13] .
Plane marked rational tropical curves
We shortly recall some basic definitions concerning rational tropical curves, adapted to our setting (for details, see [3, 4, 12] ).
Abstract and plane tropical curves
An abstract tropical curve is a finite connected compact graph Γ without bivalent vertices such that the complement Γ = Γ \ Γ 0 ∞ to the set Γ 0 ∞ of univalent vertices is a metric graph whose non-closed edges (called ends) are isometric to [0, ∞).
We say that Γ is rational if it is contractible (i.e., a tree). From now on we consider only rational tropical curves.
Denote by Γ 0 , Γ 1 , and Γ 1 ∞ the sets of vertices, edges, and ends of Γ, respectively. An n-marked tropical curve is a pair (Γ, p), where p = (p 1 , ..., p n ) is a sequence of distinct points p i ∈ Γ, i = 1, ..., n. We say that the complement Γ \ p is regular, if each component if this set contains exactly one univalent vertex and the other vertices are trivalent. The edges of the closure of a component of a regular set Γ \ p admit a unique orientation (called canonical) such that the marked points are the only sources and the univalent vertex of Γ is the only sink.
An n-marked plane rational tropical curve is a triple (Γ, p, h), where (Γ, p) is an n-marked abstract rational tropical curve, and h : Γ → R 2 is a proper map such that
• the restriction h E to any edge E ∈ Γ 1 is an affine-integral map, which is nonconstant of E ∈ Γ 1 ∞ (but may contract finite edges);
• for any vertex V ∈ Γ 0 , the following balancing condition holds
where a V (E) is the unit tangent vector to E at V and D( * ) is the differential.
Notice that each vector D(h E )(a V (E)) has integral coordinates, and it can be written as D(h E )(a V (E)) = mv, where m is a nonnegative integer (called the weight of the edge E of (Γ, h)) and v ∈ Z 2 \ {0} is primitive. The degree of the plane tropical curve (Γ, h) is the multiset of vectors
The balancing condition yields that ∆(Γ, h) is a balanced multiset, i.e.
We call ∆(Γ, h) primitive if it contains only primitive vectors, and we call
The push-forward T = h * (Γ) ⊂ R 2 is an embedded tropical curve with the
There is a natural duality between the edges and vertices of T on one side and the edges and polygons of a certain (dual) subdivision of P(∆). We denote the dual object by D( * ). Any edge E of T possesses a natural weight wt(E), which can be viewed as the lattice length of the dual edge D(E).
By a combinatorial type of a plane rational marked tropical curve (Γ, p, h) we mean the combinatorial type of the abstract marked curve (Γ, p) enhanced with the collection of differentials D(h E ) : Z → Z 2 of all edges E of Γ.
Moduli spaces of tropical curves
Here we recall some information on moduli spaces of rational tropical curves and their maps to the plane, following [3, 11] and adapting notations to our setting.
Denote by M 0,n,r the moduli space of n-marked rational tropical curves with r ends. It is a polyhedral complex, whose cells parameterize pairs (Γ, p) of a given combinatorial type, while the parameters are lengths between neighboring vertices and/or marked points. The natural closure M 0,n,r is obtained by vanishing some of the parameters.
Furthermore, for any sequence n = (n k ) k≥0 ∈ Z ∞ + , where Z + = {r ∈ Z : r ≥ 0} and n = k≥0 n k , introduce M 0,n,r = (Γ, p) ∈ M 0,n,r : p i ∈ p are interior points of edges for 1 ≤ i ≤ n 0 ,
It is easy to see that M 0,n,r is either empty, or a finite polyhedral complex of pure dimension r − 1 + k≥0 (1 − k)n k , and the open top-dimensional cones parameterize curves (Γ, p) such that the components of Γ \ p are trivalent. Denote by M 0,n,r the closure of M 0,n,r in M 0,n,r .
Given an ordered nondegenerate balanced multiset ∆ ⊂ Z 2 \ {0}, we have moduli spaces of maps M 0,n (R 2 , ∆) and
of n-marked rational plane tropical curves of degree ∆. We also have a natural evaluation map
The following fact is well-known (see [4, 11, 12] ):
Suppose that n = |∆| − 1 and denote by M e 0,n (R 2 , ∆) the closure in M 0,n (R 2 , ∆) of the union of open cells of dimension 2n = |∆| − 1 + n, whose Ev n -images have dimension 2n (called enumeratively essential). Respectively, suppose that
and denote by M The following statement is a direct consequence of the consideration in [11, Sections 3 and 4] . For the reader's convenience, we provide a proof.
is a non-degenerate balanced multiset, and a sequence (2) . Then, the map Ev
, are finite), and its target space splits into the disjoint union 
= n k+1 + 1 for some k ≥ 0, and n ′ j = n j , j k, k + 1, and all but one components of the set Γ \ p are regular, while one component is bounded and trivalent;
Proof. It follows from [14, Proposition 2.1] that there are only finitely many combinatorial types of elements of M 0,n (R 2 , ∆). If Γ \ p contains a component with at least two univalent vertices, then there must be a bounded component σ ⊂ Γ \p, and hence a relation to the images of the marked points in ∂σ (cf. [12, Lemma 4 .20]). Thus, for a generic x ∈ R 2n , the image contains only elements (Γ, p, h) such that each component of Γ \ p contains precisely one univalent vertex. Moreover, each component of Γ \ p must be trivalent, since only under this condition the number of parameters, i.e., the number of bounded edges of Γ \ p equals 2n. Furthermore, given a combinatorial type of elements (Γ, p, h) ∈ M 0,n (R 2 , ∆) such that Γ \ p is regular, and the image of each point p i ∈ p, the element (Γ, p, h) can be restored uniquely. Thus, the finiteness of the map Ev e n follows as well as the fact that the complement X 2n of some closed (2n − 1)-dimensional polyhedral complex in R 2n satisfies conditions of item (1) . The claim of item (2) follows from the
, and the combinatorial types of generic elements of the (2n
are obtained from the types as in item (1) by contracting precisely one bounded edge.
Labeled tropical curves and their moduli spaces
A labeling of an abstract tropical curve Γ is a linear order on the set of the ends Γ is surjective and finite, and, for any element
By Ev
we denote the evaluation map.
Refined count of plane rational marked tropical curves
Throughout the paper we fix a standard basis in R 2 and, for any a = (a 1 , a 2 ),
Refined weight of a plane rational marked tropical curve
Let us be given a nondegenerate, balanced multiset ∆ ⊂ Z 2 \ {0}, a positive integer n and a sequence n
that the set Γ \ p is regular and the set Γ 0 \ p contains only trivalent vertices. Let
e,lab 0,n (R 2 , ∆) be one of the labeled preimages of (Γ, p, h). We start with defining a refined weight RM y (Γ lab , p, h, V) (depending on a formal parameter y) for each vertex V ∈ Γ 0 .
(1) Refined weight of a trivalent vertex. Suppose that V ∈ Γ 0 is trivalent. Define its Mikhalkin's weight
where E 1 , E 2 ∈ Γ 1 are distinct edges incident to V. Due to the balancing condition (1), this number does not depend on the choice of a pair of edges incident to V and, in fact, is equal to the lattice area of the triangle D(h(V)), dual to the vertex h(V) of the tropical curve T = h * (Γ). Following [2, 6] , we put
where
(2) Refined weight of a marked vertex of valency ≥ 4. We will inductively extend the upper formula in (5) 
does not contain zero vectors (cf. Lemma 1.2(1)) and consider the moduli space 
where (Γ lab σ , p σ , h σ ) is some element of the cell σ. Finally, we let
2.2 Invariance of the refined count (2) , and the set X 2n ⊂ R 2n be as in Lemma 1.2. Then the expression
does not depend on the choice of x ∈ X 2n .
The proof is presented in Sections 2.3 and 2.4.
Remark 2.2 Note that the invariant RD y is an extension of other known refined invariants:
• if n = (n 0 , 0, ...), i.e., n k = 0 for all k ≥ 1, then RD y (∆, n) coincides with the genus zero Block-Göttsche refined invariant [2] ;
, and all the vectors in ∆ are primitive, then RD y (∆, n) coincides with the Göttsche-Schroeter refined invariant [6] .
The invariant RD y (∆, n) provides a refinement of the tropical descendant invariants as introduced in [11] . Namely, let
Lemma 2.3 Given a nondegenerate balanced multiset
Proof. Along [11, Lemma 2.4 and Theorem 5.3], the tropical descendant invariant k≥0 τ k (2) n k ∆ can be computed by counting rational marked tropical curves in (Ev
On the other hand, for a trivalent vertex V of Γ with µ = µ(Γ, h, V), we have
if V is unmarked, and
If V is a four-valent marked vertex, then it (generically) admits three splittings into a pair of trivalent vertices. Marking one of them, we finally get six summands in formula (7), and hence RM 1 (Γ, p, h, V) = 6 = 4!3!/(3 · 2 3 ). Observing in general formula (7) contains k+2 2 summands, we inductively derive that
Thus, (10) follows.
In the next statement, we describe the invariant RD y (∆, n) as a rational function of y.
Proposition 2.4 Given a nondegenerate balanced multiset
where m ≥ 0 and F is a polynomial of degree
where p a (P(∆)) is the number of interior integral points of the Newton polygon P(∆
Proof. To show that RD y (∆, n) is a (rational) function of y, we move y around the circle S c = {|y| = c}, 0 < c ≪ 1, and check that the value of RD y (∆, n) does not change sign. Indeed, notice that RD y (∆, n) can be written down as the sum of weights of finitely many trivalent rational tropical curves (Γ (3) , h (3) ) of degree ∆, and each weight is of the form s V∈Γ 0
± y changes its sign when y travels around S c iff µ(Γ (3) , h (3) , V) is even. Thus, the claim comes from the fact that if ∆ does not contain even vectors, the number of vertices of Γ (3) with even µ(
In view of the fact that y µ/2 − y −µ/2 is always divisible by y 1/2 − y −1/2 and, in addition, is divisible by y 1/2 + y −1/2 as µ is even, we derive that after all cancellations, the denominator in V∈Γ 0 (3) [µ(Γ (3) , h (3) 
the Newton polygon P(∆) with vertices lying in ∂P(∆).
To establish the bound (12), we again consider the formula RD y (∆, n) =
± y , representing the invariant via the sum over trivalent curves (Γ (3) , h (3) ). The number of factors of type [µ(Γ (3) , h (3) , V)] + y here is equal to k≥1 kn k , which yields (y 1/2 + y −1/2 ) k≥1 kn k in the denominator. We shall show that (y 1/2 + y −1/2 ) k≥1 n 2k+1 divides the nominator, and hence (12) follows.
First, note that if α = µ(Γ (3) , h (3) , V) is odd, then the nominator in the second fraction in (6) is divisible by the denominator y 1/2 + y −1/2 . Second, we observe that, given a vertex V 2k+1 of valency 2k + 1 (k ≥ 1) of a curve (Γ, p, h) ∈ M 0,n (R 2 , ∆) such that h(p) = x and a deformation of V 2k+1 into a trivalent tree (inductively appearing in formula (7)) such that all trivalent vertices in that tree have even Mikhalkin weight, then (at least) one of the edges incident to V 2k+1 has an even weight. We leave this claim as an easy exercise for the reader. In general, the denominator in formula (11) is unavoidable, and the bound (12) is sometimes sharp as one can see in the examples of Corollary 3.3 in Section 3.
Proof of the invariance: Preliminaries
It will be convenient to use labeled tropical curves. Namely, for a labeled curve
e,lab 0,n (R 2 , ∆) such that the set Γ \ p is regular, we define a refined weight
and, for any generic point x ∈ R 2n , set
In view of formulas (3), (8) , and (13), the invariance of RD y (∆, n, x) is equivalent to the invariance of RD lab y (∆, n, x).
So, we choose two generic configurations 
In the case of Lemma 1.2(2i), the curve C * deforms keeping its combinatorics as t varies in a neighborhood of t * , and hence this deformation does not affect the contribution to RD lab y (∆, n, x (t) ).
In the case of Lemma 1.2(2ii), in the deformation of the curve C * as t ∈ (R, t * ) the multiplicative contributions of the marked and the unmarked trivalent vertices to the refined weight of the current curve does not change, and one has only to study the deformation of a neighborhood of the unmarked four-valent vertex. The proof of the invariance of RD 
Proof of the invariance: Collision of a marked and an unmarked vertices
The remaining task is to show the invariance when crossing the wall described in Lemma 1.2(2iii).
(1) Preparation. We shall prove the constancy of RD lab y (∆, n, x (t) ), t ∈ (R, t * ), by induction on k. In view of definition (13), we can restrict our attention to only the fragment which undergoes deformation. That is, it is enough to consider a curve C * = (Γ, p, h) with Γ consisting of a unique (k + 3)-valent vertex V and (k + 3) edges E 0 , ..., E k+2 incident to V, while p = {V, V 0 } with V 0 ∈ E 0 \ {V}. Respectively, we can assume that
), t ∈ (R, t * ), varies so that
, which is the image of V 0 , stays fixed; respectively, the line L(E 0 ) containing the ray h(E 0 ) remains unchanged, and we denote by R At last, by abuse of notations, we shall denote by E 0 , ..., E m+1 the unbounded edges of any curve in M e,lab 0,n (R 2 , ∆) (in natural correspondence with the unbounded edges of C * ).
Figure 1: Degeneration as in Lemma 1.2(2iii) with k = 0 (2) The base of induction. Consider the cases k = 0 and k = 1. In fact, they were studied in [8, Theorem 1] and [6] , respectively. We provide details for completeness.
If k = 0, the deformation of C * in M e,lab 0,n (R 2 , ∆) is presented in Figure 1 . It immediately follows from (5) that such a bifurcation does not affect the value of RM lab y (∆, n, x (t) ), t ∈ (R, t * ).
If k = 1, then C * admits three types of deformations that correspond to three types of splitting of the four-valent vertex into a pair of trivalent vertices (see Figure 2 ). We have to study two cases according as the edge h(E 0 ) is dual to a side of the parallelogram inscribed into the quadrangle or not (see Figures 2(a,b) , where the edge dual to h(E 0 ) is labeled by asterisk, and the triangles dual to the marked trivalent vertices are shown by fat lines). Thus, (in the notations of Section Figures 2(a,b) ), we have the following additional geometric relations Figure 2 (a),
in Figure 2 (b).
The constancy of RD lab y (∆, n, x (t) ), t ∈ (R, t * ), reduces to the relation
in case of Figure 2 (a), and to the relation
in case of Figure 2 (b). Both the above equalities immediately follow from the elementary geometric facts
and formulas (14) .
(3) The induction step. Assume the constancy of RD lab y (∆, n, x (t) ), t ∈ (R, t * ), in bifurcations through degenerations as described in Lemma 1.2(2iii) with some 
Introduce vectors
When C * varies in the family (Ev e,lab n ) −1 (x (t) ), t ∈ (R, t * ), the vertex V ∈ Γ 0 splits into an unmarked trivalent vertex and a marked (m + 3)-valent vertex linked by an edge that shrinks to V as t → t * . In view of the definition (13) and the fact this marked (m + 3)-valent vertex cannot lie on the line L(E 0 ), we can write the required invariance relation as
(∆), which parameterizes plane rational tropical curves having an unmarked trivalent vertex V 3,i , incident to E 0 and E i , and a marked (m + 3)-valent vertex V m+3,i , incident to the edges E j , j 0, i. 
has one (m + 3)-valent marked vertex, by the induction assumption we have
where (Γ ij,s , p ij,s , h ij,s ) is a deformation of C * ij such that Γ ij,s has a marked trivalent vertex W 3,s , incident to the edges E 0 , E s , and a marked (m
has a marked trivalent vertex V 3,ij , incident to the edges E 0 , E ij , and a marked (m + 2)-valent vertex V m+2,ij . Multiplying (16) 
Consider now the curve C * 0ij = (Γ 0ij , p, h 0ij ) obtained from C * by removing all edges except for E 0 , E i , E j and adding one edge E ′ ij along which h 0ij is defined by
Since C * 0ij has one marked four-valent vertex, we use the base of induction to get
Now we sum up relations (17) and (18) for all pairs (i, j) such that 1 
It remains to notice that by definition (7), the expression in the parentheses equals
On the uniqueness of the refinement
In fact, one can define refined weights of marked vertices of valency > 4 using other types of trees than those used in Section 2.1. We intend to show that all such definitions lead to refined invariants that differ from RD y (∆, n) by a multiplicative constant factor, and hence yield the same normalized refined invariant NRD y (∆, n). In this sense we speak of the uniqueness of the refinement of rational descendant tropical invariants.
More precisely, assuming that we have defined refined weights RM 
where (Γ lab σ , p σ , h σ ) is some element of the cell σ. Using a suitably modified argument in the proof of Theorem 2.1 one can show that with the above definition of a refined weight of marked vertices one obtains an invariant. We skip details, since Lemma 2.5 below reduces, in particular, the claimed invariance to the statement of Theorem 2.1.
Given k ≥ 2, denote by C k+2 the set of combinatorial types of unlabeled trivalent trees with k + 2 leaves. For any α ∈ C k+2 , let 
In view of the relations
the following claim completes the proof of Lemma:
For any i, j = 1, ..., m, and any α ∈ C m , it holds
where the right-hand side does not depend on the choice of i, j = 1, ..., m.
We prove formula (21) and its independence of i and j using induction on m. For m = 3, the right-hand side of (21) is twice the Göttsche-Schroeter refined weight of a marked trivalent vertex (upper expression in the right-hand side of (5)), and the same stands in the left-hand side of (21).
Suppose that m ≥ 4. If E i is incident to a vertex of Γ σ 0 together with another end E k , k i, then by the definition (20) and the induction assumption, we get
Proof. The formula evidently holds for r = 2, and it can be proven by induction on r using the recursive formula that immediately follows from (7).
The next example deals with a nondegenerate Newton triangle. h and a 1 , ..., a r be positive integers, where r ≥ 2, and a = a 1 + ..., a r . Set (a 1 , 0) , ..., (a r , 0), (−1, −h), (1 − a, h)} (cf. Figure 3) .
Lemma 3.2 Let
where the sum runs over all subsets J of {1, 2, ..., r}. A routine induction on r, skipped here for brevity, completes the proof. 
(2) Let, in the notation of Lemma 3.2, r = 2k
This is a consequence of formula (23). Note that the bound (12) to the degree of denominators of refined descendant invariants turns into an equality under the hypotheses of Corollary 3.3, since the denominator in formulas (25) and (26) is coprime to other terms.
Lattice path algorithm
In [12] Mikhalkin introduced a combinatorial algorithm to compute GromovWitten invariants of toric surfaces, that is, to count plane trivalent tropical curves with markings on edges. This algorithm was further generalized to other cases, in particular for descendant rational tropical Gromov-Witten invariants, in [11] by H. Markwig and J. Rau. The Markwig-Rau lattice path algorithm directly applies to the computation of the refined tropical descendant invariants RD y (∆, n). Indeed, it enumerates the same collections of marked tropical curves (equivalently, dual marked subdivisions of the Newton polygon) that appear in the right-hand side of formula (9) , and the Markwig-Rau weight of a marked subdivision, which is a product of Markwig-Rau weights of polygons of the subdivision (normalized by the order of the automorphism group), can be converted to the refined weight by replacing the Markwig-Rau weights of polygons with their refined counterparts as in formulas (5) and (7).
Here we just shortly indicate how to compute the refined weights of the subdivisions appearing in the Markwig-Rau lattice path algorithm, referring the reader to [11, Section 9] for full detail, and illustrate the modifications in the particular case considered in [11, Example 9 .28].
Let ∆ ⊂ Z 2 \ {0} be a nondegenerate balanced multiset, and ∆ ′ the set of distinct vectors in ∆ so that ∆ = {s v × v : v ∈ ∆ ′ }, and let P(∆) be the corresponding Newton polygon. The initial data of the Markwig-Rau algorithm consists of (i) a linear functional λ : R 2 → R that defines a total order on the set P(∆) ∩ Z 2 ;
(ii) a function τ : {1, 2, ..., n} → Z such that the value k ≥ 0 is attained exactly n k times.
The meaning of the initial data is the choice of the tropical point constraint: that is, one takes a straight line in R 2 directed by grad(λ) and picks n points x 1 , ..., x n satisfying λ(
[12, Section 7.2]). Next we determine the marked plane tropical curves (Γ, p, h) ∈ M e 0,n (R 2 , ∆) that are taken to x = (x 1 , ..., x n ) by the evaluation map. So, the further data is (a) a collection of balanced multisets ∆ i ⊂ Z 2 \ {0}, i = 1, ..., n, such that exactly n k of them contain k + 2 elements, k ≥ 0, the Newton polygons Q i = P(∆ i ) lie inside P(∆) and are arranged so that the λ-minimal point of P(∆) belongs to Q 1 , the λ-maximal point of P(∆) belongs to Q n ,and for all i = 1, ..., n − 1, the λ-maximal point of Q i coincides with the λ-minimal point of Q i+1 (in terminology of [11] , Q 1 , ..., Q n form a so-called rag rug); (b) a subdivision S of P(∆) into lattice polygons such that Q i , i = 1, ..., n − n 0 , are cells of S, and each remaining polygon of S are either a triangle, or a parallelogram, or the Minkovski sum of a triangle with one or two (nonparallel) segments.
Details of the construction of S can be found in [11, Section 9] . To compute the Markwig-Rau weight of the given tropical curve (Γ, p, h), one equips each polygon Q of S outside the rag rug with the weight µ(Q) equal to 1 if Q is a parallelogram, to the lattice area of Q if Q is a triangle, or to the lattice area of the triangle that appears in presentation of Q as the Minkowski sum of a triangle and one or two segments. Then one sets µ(Q i ) = 1, i = 1, ..., n, and finally defines
where Q runs over all polygons of the subdivision S, and G denotes the group of symmetries of the above combinatorial object (i)-(iii). In the particular case of a primitive degree ∆, one has |G| = E (|E|)!, where E runs over all edges E of the subdivision S lying on ∂P(∆), and |E| denotes the lattice length. Respectively, the refined weight is equal to (1,1,1) Notice, that if we substitute y = 1 into the equation, we get NRD 1 (∆, n) = 3 in agreement with [11, Example 9.28 ]. [1] seems to be more involved, since the refined multiplicities of the floors do not admit reasonable explicit formulas contrary to the case considered in [1] and corresponding to y = 1. 
Remark 4.2 A possible generalization of the floor diagram algorithm as in

